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Failure analysis of composite laminates
subjected to hydrostatic stresses:
A multicontinuum approach
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Abstract

Triaxial failure analysis using multicontinuum decomposition has been employed at the constituent level to predict

nonlinear damage behavior and failure envelopes, all involving through-thickness stresses. In addition, a structural analysis

algorithm is presented and is found to be numerically highly efficient in that the relationships between composite

properties and damaged or failed constituent properties are completely determined prior to structural analysis. As a

part of the Second World-Wide Failure Exercise, three-dimensional failure envelopes and stress–strain curves involving

isotropic materials as well various unidirectional and multi-directional materials are presented for 12 test cases

requested by the organizers. The present paper provides new developments in the multicontinuum methodology

including: (a) modification of the constituent failure criteria, (b) incorporation of pressure effects, (c) new damage

analyses, and (d) implementation into a commercial finite element package. Correlation with experimental results is

provided in a second article addressing Part B of the Second World-Wide Failure Exercise.
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Introduction

The challenge of high fidelity composite structural fail-
ure analysis is to cross multiple geometric scales to cap-
ture microstructural information where failure initiates
while working under the practical constraints imposed
by the size of the structure. Failure in a composite
structural system may occur on a global scale when
stiffeners or ribs delaminate from a composite laminate
skin, thereby introducing global instabilities with pos-
sible structural buckling. At the laminate level, the
deformation is often characterized by complex coupling
between extension, bending, torsion and shearing
modes, depending on the stacking sequence and fiber
orientation of the individual composite plies.
Moreover, interaction between neighboring dissimilar
plies often results in interlaminar stresses that can
lead to delamination of adjacent material plies. At the
fiber/matrix level within a single composite ply, one
encounters the issue of determining the homogenized
material properties that accurately represent the behav-
ior of the actual heterogeneous microstructure. While
such homogenization is a practical necessity, it is

inherently counterproductive to the goal of predicting
various failure modes that are attributable to the
behavior of the individual fiber and matrix constituents
and their interaction.

Taken collectively, the failure and damage mechan-
isms described above may occur over a geometric scale
ranging over 5 to 6 orders of magnitude. Hence, any
meaningful failure analysis for composite structures
must strike a balance between modeling damage occur-
ring at the microscale and determining its effect at the
macroscale. These divergent goals must also be accom-
plished in an efficient scheme that delivers meaningful
results for the analyst, without an overwhelming level
of information.
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Our efforts toward predicting composite laminate
failure focus on efficiently crossing multiple geometric
scales to bring microstructural information to bear on
the prediction of structural failure. To begin, a finite
element-based analysis is utilized to bring stress/strain
resolution from the laminate level down to the individ-
ual laminae. Embedded in the lamina analysis is a mul-
ticontinuum theory (MCT) algorithm that further
decomposes lamina stress and strain fields down to
the fiber and matrix constituent level stress/strain
fields. Failure criteria are developed at the constituent
level within a lamina and applied independently based
on the stress fields seen by each constituent.

In the case of the matrix material, damage may ini-
tiate at loads well below ultimate matrix strengths. The
degree of damage is tracked up through ultimate matrix
failure with material properties continuously modified
as damage accumulates. An important observation that
is critical to the numerical efficiency of an MCT struc-
tural analysis is that the relationships between compos-
ite properties and damaged or failed constituent
properties are completely determined prior to structural
analysis. This feature distinguishes the MCT approach
from other advanced progressive failure schemes that
incorporate constituent level effects using a coupled
structural and micromechanics approach. Despite
intense research efforts, macro/micro approaches are
numerically untenable for a full scale structural
analysis.

The MCT development presented herein represents a
revised failure theory based on the original MCT fail-
ure analysis developed in Mayes and Hansen.1 The pre-
sent theory assumes linear elastic behavior of the fibers
up to fiber failure and inelastic behavior of the matrix
caused by a variety of deformation mechanisms form-
ing sequentially from submicrocrack accumulation, to
macroscopic cracks such as transverse ply cracks (par-
allel to the fibers), and finally, to complete matrix
failure.

The present failure exercise is directed at predicting
composite material failure for laminates subjected to a
significant hydrostatic compressive stress component.
In this initial effort, constituent (fiber and matrix)
material stiffness constants are assumed to be independ-
ent of hydrostatic pressure. Fiber and matrix tensile
strengths are also assumed to be independent of hydro-
static compressive stress.

In contrast to tensile strengths, the effect of pressure
on polymer compressive strengths is believed to be sub-
stantial. Based on the literature review provided in
Hoppel et al.,2 matrix compressive strengths are
assumed to be linear increasing functions of hydrostatic
compressive stress. Moreover, fiber compressive
strengths are also assumed to be linear increasing func-
tions of hydrostatic compressive stress. The rationale

for increasing fiber strengths under pressure is based
on the premise that fiber failure in compression is actu-
ally initiated by matrix failure mechanisms resulting in
instabilities causing fiber kinking and/or buckling.
Wronski and Parry3 and Parry and Wronski4 provide
experimental evidence combined with analytical models
to support the notion of matrix failure leading to fiber
failure in compression. The often observed, substan-
tially lower, failure strengths of unidirectional (UD)
composites in compression versus tension provide add-
itional qualitative evidence to support this view.

Overview of MCT

General

In the MCT, the macroscopic value used to characterize
the stress tensor at a point in a single continuum is
derived by taking a volume average of all stresses as5

�
~
¼

1

V

Z
D

�
~
xð ÞdV, ð1Þ

where D is the region representing the continuum point.

The success of the continuum hypothesis in model-
ing phenomena in fluid mechanics and solid mechanics
is truly remarkable. The concept of a multicontinuum,
as described by Garnich and Hansen,5 simply extends
the notion of a continuum to reflect coexisting mater-
ials within a continuum point. Such an extension is
natural in any case where there are two, or more,
clearly identifiable constituents with drastically differ-
ent material properties. In particular, consider a con-
tinuous fiber composite material where the matrix (m)
and fibers ( f ) are allowed to retain their identity in the
continuum. Using equation (1) for each constituent one
can write
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where

D ¼ Df [Dm ð4Þ

Combining equations (1) to (3) leads to

�
~
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~
m, ð5Þ
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where �f and �m are the volume fractions of fiber and
matrix, respectively. Likewise, for strains there follows

"
~
¼ �f "

~
f þ �m "

~
m ð6Þ

Changing from direct tensor to contracted matrix
notation, linear elastic constitutive laws for the com-
posite and the constituents are given by

�f g ¼ C½ � "f g � "of gð Þ ð7Þ

�f
� �
¼ Cf

� �
"f
� �
� "fo
� �� �

ð8Þ

and

�mf g ¼ Cm½ � "mf g � "mof gð Þ ð9Þ

Combining equations (5) to (9), constituent fiber and
matrix strain fields, {"f} and {"m} respectively, are
derived from the composite strain field {"} using

"mf g ¼ �m I½ � þ �f A½ �
� ��1

"f g ��T af gð Þ ð10Þ

and
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The decomposition outlined above was originally
described by Hill,6 where the primary motivation was
to provide some insight into estimating composite
properties based on assumed idealized constituent
stress and strain fields. In the present work, we are
interested in moving in the opposite direction. That
is, given a consistent set of mechanical (and thermal)
properties for the composite and the constituents, the
goal is to decompose composite stress/strain fields to
obtain constituent stress/strain fields for the multicon-
tinuum. The ability to perform this decomposition
requires a relationship between composite and constitu-
ent elastic constants. The link between material
properties is accomplished using a finite element micro-
mechanics model. For instance, Figure 1 shows a pro-
gression of modeling a unidirectional composite by

idealizing the microstructure and eventually developing
a finite element model of a representative volume elem-
ent. As an aside, we note that MCT is readily capable of
utilizing fully random packed unit cells to represent the
microstructure of Figure 1(a).

Constituent level failure criteria

Hashin,7 was one of the pioneers who proposed failure
criteria for both the fiber and matrix materials on a
macroscopic scale (i.e. lamina scale). While such an
approach has met with substantial success, composite
stress fields can mask critical constituent level behavior
making their use in predicting constituent failure unob-
vious at best, and perhaps leading to erroneous
conclusions.

In contrast, by utilizing an MCT analysis we are
afforded the opportunity to access constituent level
information in a full-scale structural analysis,
opening a unique window into constituent material
behavior. For example, consider a biaxial compression
test of a glass/epoxy unidirectional composite material

(c)

(b)(a)

Figure 1. A simple example of micromechanical modeling

starting with an observed microstructure (a) that leads to an

assumed representative microstructure (b) and a resulting (three

dimensional) finite element micromechanics model (c).

MPa1033 −=σ

X3

MPa1022 −=σ

X2

X1

Figure 2. Composite in biaxial transverse compression.
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with a fiber volume fraction of 60% where
s22¼s33¼�10MPa, as indicated schematically in
Figure 2. For this biaxial stress state, the corresponding
fiber stress tensor resulting from the MCT decompos-
ition is given by

�f

h i
¼

4:29 0 0
0 �10:8 0
0 0 �10:8

2
4

3
5MPa ð14Þ

Note that the fiber stress state is fully three-
dimensional, and furthermore, the fiber stress in the
unloaded, X1 (fiber), direction is 43% of the applied
composite biaxial stress. These ‘hidden’ constituent
stresses may have a critical effect on constituent failure,
yet they do not show up in the composite stress field as
they are self-equilibrating.

Motivated by the work of Hashin,7 Mayes and
Hansen1 developed a constituent-based failure analysis
using the MCT decomposition to determine constituent
stress fields. Simple quadratic stress-based failure cri-
teria (equations (15)), expressed in terms of transversely
isotropic stress invariants of the constituents (equations
(16)), were used to predict constituent failure within a
lamina.

�A1fI
2
1f þ A4fI4f ¼ 1

�A3mI3m þ A4mI4m ¼ 1
ð15Þ

where

I1 ¼ �11,

I2 ¼ �22 þ �33,

I3 ¼ �
2
22 þ �

2
33 þ 2�223,

I4 ¼ �
2
12 þ �

2
13,

I5 ¼ �22�
2
12 þ �33�

2
13 þ 2�12�13�23:

ð16Þ

The Ajf and Ajm in equations (15) are constituent
failure parameters, generally derived from experimen-
tally determined composite ultimate strength data
through correlation with the MCT decomposition.
The � signs in equations (15) indicate a dependence
of the parameter on tensile versus compressive stresses.

Mayes and Hansen8,9 presented MCT predictions for
the broad composite failure effort of the first World-
Wide Failure Exercise (WWFE) conducted by the
organizers of the present exercise.10–13 Although the
level of accuracy of the MCT blind predictions in
the first WWFE was generally favorable, the Exercise
also exposed some weaknesses in the formulation.

A close examination of WWFE benchmark prob-
lems that proved problematic for the MCT-based fail-
ure analysis revealed three issues that must be
addressed. First, the matrix failure criterion shown in
equations (15) provides for no influence of the matrix
stress in the fiber direction given by s11m. The original
motivation for neglecting this term was that failure in
the fiber direction is dominated by fiber failure.
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Figure 3. Biaxial failure envelope for a unidirectional fiber composite. Comparison of MCT-based failure prediction8 with WWFE

failure data.12

MCT: multicontinuum theory; WWFE: World-Wide Failure Exercise.
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However, matrix stresses, s11m, can play a significant
role in matrix failure in some multiaxial load cases of
glass/epoxy composites. As a specific example, consider
Figure 3 representing Case 3 of the first WWFE. The
figure shows MCT failure predictions and measured
failure data in quadrant IV for the case of biaxial
stress of a unidirectional glass/epoxy laminate. The
constituent-based failure predictions of Mayes and
Hansen are close to a simple maximum stress criterion
as reflected by the ‘squared-off’ failure envelope. This
result was expected for this composite load case as the
matrix failure criterion given in equations (15) reduces
to a max stress form given by

�A3m�22m ¼ 1 ð17Þ

However, the data shown in quadrant IV of Figure 3
clearly indicate a loss of transverse compressive
strength in the presence of axial tensile stress, s11m.

It should be noted that the matrix stress interaction
phenomenon described above generally is not observed
in carbon/epoxy composites as the axial matrix stress is
significantly smaller compared to glass/epoxy compos-
ites. As a result, the biaxial (sxx�syy) behavior pre-
dicted by Mayes and Hansen in Figure 3 is more typical
of carbon/epoxy materials.14

A second shortcoming of the MCT analysis of
Mayes and Hansen relates to the incorporation of non-
linear shear effects. Nonlinear shear prior to macro-
scopic crack formation may be attributed to damage
caused by submicrocrack accumulation in the matrix
material. For laminated composites, submicrocrack
damage often occurs at loads well below the structures
total load capacity.

In modeling damage due to submicrocrack accumu-
lation, Mayes and Hansen degraded the matrix proper-
ties in an isotropic fashion. In reality, matrix damage
induces anisotropic behavior in the matrix and introdu-
cing this additional complexity is essential to accurately
modeling combined shear and normal loads.

A third shortcoming of the MCT analysis presented
in the first WWFE is related to load redistribution
within a multidirectional laminate in the presence of
matrix failure. In the case of a UD composite, matrix
failure leads directly to failure of the composite. Based
on this observation, Mayes and Hansen1 modeled the
occurrence of matrix failure by zeroing the material
properties of the matrix constituent and redistributing
the loads throughout the structure as well as the
remaining fiber constituent. As expected, this approach
worked very well for unidirectional materials. In con-
trast, zeroing the matrix properties at matrix failure in a
multidirectional laminate produced overly conservative
results. The underlying reason is that local matrix

failure in a multidirectional laminate results in substan-
tial load redistribution to adjacent plies, thereby allow-
ing the matrix in the failed ply to continue sustaining
load.

Second generation MCT failure analysis

Reexamining constituent failure criteria

The original criterion for matrix failure within a lamina
utilized by Mayes and Hansen1 is given by

�A3mI3m þ A4mI4m ¼ 1 ð18Þ

where the invariants are based on the matrix stresses.
Previously, the lack of presence of s11m was noted as a
potential deficiency in the matrix failure criterion for
glass/epoxy composites. To correct this situation, we
introduce the following quadratic matrix failure criter-
ion given by

�A1mI
2
1m �

�A2mI
2
2m þ A3mI3m

þ A4mI4m �
�A5mI1mI2m ¼ 1

ð19Þ

The motivation for introducing terms A1m, A2m and
A5m in equation (19) is that the criterion collapses to a
von Mises yield surface for an isotropic material. Note,
however, that the matrix strengths are not isotropic at
the lamina (continuum) level due to microstructural
considerations induced by the presence of the oriented
fiber reinforcement.

Neat resin data provided by the organizers is relied
on to determine the coefficient A1m of equation (19) as

�A1m ¼
1

þ�umð Þ
2

ð20Þ

where ��um indicates ultimate values for neat resin fail-
ure in tension and compression, respectively.

Coefficient A4m is obtained from knowledge of uni-
directional composite ultimate failure in longitudinal
shear as I4m is isolated from the remaining invariants
for this load case. Specifically, for a longitudinal shear
load with �12 6¼ 0, all other �ij¼ 0, equation (19) reduces
to

A4m ¼
1

S2
12m

ð21Þ

where S12m is the matrix longitudinal shear stress at
composite shear failure as determined from composite
test data and the MCT decomposition.

The determination of the remaining failure param-
eters, �A2m, A3m and �A5m, is a critical aspect of the
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present analysis and warrants substantial discussion.
Values for these coefficients are obtained from biaxial
(�11� �22) experimental data for a unidirectional com-
posite. We note that A3m takes on a single value while
�A2m assumes two separate values depending on
whether the transverse matrix stress, as determined by
the second invariant I2m, is positive or negative.
Parameter �A5m represents an interaction term invol-
ving �11m and �22m and hence can assume unique values
in all four quadrants.

For the compression region, I2m< 0, we begin by
isolating �A2m and A3m from �A5m by applying equa-
tion (19) along a load path where �11m equals zero.
Note that this path involves both �11 and �22 composite
stresses as shown schematically in Figure 4. The load
path �11m¼ 0 takes on added significance in that it
defines the division between quadrants III and IV in
matrix stress space. Hence, in subsequent discussions
involving matrix stresses, the skewed line in quadrant
IV, rather than the line of transverse compression,
delineates quadrants III and IV for the matrix. A simi-
lar delineation of matrix quadrants is shown in quad-
rant II of Figure 4 for transverse tensile loads.

For the case of a glass/epoxy composite we deter-
mine the failure point along the load path �11m¼ 0
using experimental data. In the absence of experimental
data, the failure surface is estimated using Hill’s (1950)
yield criterion15 for anisotropic materials. For carbon/
epoxy composites failure in quadrant IV is assumed to
behave similar to a max transverse matrix stress criter-
ion along the load path �11m¼ 0. Justification for this
assumption is based on matrix axial stresses, �11m,

being on the order of one percent of the composite
axial stress. Hence, there is no opportunity for axial
matrix stresses to build to high enough values to
impact failure in multiaxial stress states.

A second equation for �A2m and A3m is obtained
through an iterative process of forcing the ratio
(�A2m/A3m) as low as possible while enforcing the con-
straint that the left-hand-side (LHS) of the matrix fail-
ure criterion of equation (19) be positive semi-definite
under increasing hydrostatic stress. Given data showing
matrix failure under hydrostatic loads, one could use
this information to determine a specific ratio of (�A2m/
A3m) to predict this failure. In the absence of this data,
we have chosen to eliminate matrix failure as a possible
failure mechanism under hydrostatic stress. (For com-
parison purposes, in an isotropic material, a ratio
(�A2m/A3m) of 0.5. yields a failure criterion that is inde-
pendent of hydrostatic compressive stress.) We note
that fiber failure remains a possibility in this situation.
Finally, allowing negative values of the LHS of equa-
tion (19) would have the effect of imposing isotropic
matrix strengthening under increasing hydrostatic pres-
sure and is naturally appealing. However, currently we
are achieving a similar effect using an alternate
approach where matrix strength parameters in equation
(19) are proportionally decreased under hydrostatic
pressure, thereby increasing matrix strengths.

The approach taken here of using the ratio
(�A2m/A3m) to enforce positive semi-definite values of
the LHS of equation (19) under hydrostatic pressure
forces us to raise the strength values of a composite in
transverse shear above those provided by the organizers.
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Figure 4. Typical biaxial failure envelope showing load paths where �11m¼ 0 in quadrants II and IV, respectively. These skewed paths

delineate quadrants I and II and quadrants III and IV in matrix stress space, respectively.
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For instance, for the IM7/8551-7 carbon/epoxy compos-
ite of this exercise, we have taken the transverse shear
strength to be 82MPa as compared to 57MPa provided
by the organizers. While this new shear strength repre-
sents a substantial increase, the value remains below the
longitudinal shear strength of 90MPa provided by the
organizers. Moreover, the MCT analysis presented
herein does not model delamination of adjacent material
plies and introducing delamination as a failure mechan-
ism would surely lower the transverse shear strengths we
have utilized.

Finally, one may be tempted to follow a more logical
approach of determining A3m directly by considering
transverse shear failure data in conjunction with the
MCT decomposition. Considering �23 as the only
non-zero composite stress isolates A3m in equation
(19) and leads directly to the result

A3m ¼
1

S2
23m

ð22Þ

where S23m represents the matrix shear stress at com-
posite transverse shear failure. While this result is
appealing in that composite transverse shear strengths
do not have to be altered from the values provided by
the organizers, we were unable to meet the three con-
ditions of: (1) satisfying equation (19) under pure trans-
verse compression; (2) enforcing transverse isotropy of
the lamina and; (3) maintaining a positive semi-definite
value for equation (19) under hydrostatic stress. We
intend to further examine these constraints in the
second part of the Exercise. For instance, if the

constraint of positive semi-definiteness of equation
(19) is relaxed, thereby allowing the LHS to become
negative under hydrostatic matrix stress, isotropic
matrix strength hardening is naturally introduced
while matrix strengths in transverse shear would be
driven lower, to values more in line with those provided
by the organizers.

For the case of transverse tensile stress states defined
by I2m> 0, we again apply equation (19) to the load
path defined by �11m¼ 0 as this load path isolates
þA2m and A3m. Moreover, the load path allows one to
explicitly determine þA2m since parameter A3m is a
single parameter in all quadrants and has been deter-
mined from compression data. Parameter �A5m for
matrix stress quadrant I is determined from uniaxial
tension while in quadrant II, the parameter is deter-
mined from an arbitrary load path in the quadrant.
Failure on any transverse tension load path is assumed
to be governed by max stress for both glass/epoxy and
carbon/epoxy materials.

The benefits of including the additional terms in the
second generation matrix failure criterion are immedi-
ately apparent when one reexamines the biaxial stress
results from Case 3 of the WWFE. Figure 5 shows
the original prediction of Mayes and Hansen along
with that of equation (19) for a glass/epoxy composite.
In contrast, Figure 6 shows an MCT failure envelope
prediction for carbon/epoxy composites under biaxial
stress (�11� �22). The difference in the second gener-
ation MCT failure predictions seen in Figures 5
and 6, respectively is due to the substantial increase in
stiffness of carbon fibers compared to glass fibers.
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Figure 5. Original (Mayes and Hansen8) and revised MCT-based biaxial failure envelopes for E-Glass/MY750 compared against

WWFE experimental data (Soden et al.12).
MCT: multicontinuum theory; WWFE: World-Wide Failure Exercise.
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The much stiffer carbon fibers prevent any significant
build-up of axial matrix stresses. For instance, consider
a composite loading defined by �11¼ 1000MPa. An
E-glass/epoxy composite shows an axial matrix stress
of 64MPa whereas a carbon/epoxy composite shows an
axial matrix stress of only 14MPa. Because the axial
matrix stress in the carbon/epoxy composite is so low, it
has minimal to no effect on transverse compressive
failure thereby leading to the ‘appearance’ of a max
stress failure under transverse compression as seen in
Figure 6.

The first generation MCT failure criterion to detect
fiber failure within a lamina is given by

�A1fI
2
1f þ A4fI4f ¼ 1 ð23Þ

where the invariants are defined in equations (16) using
fiber stresses. For the present exercise, we have chosen
to leave the fiber failure criterion of equation (23)
unaltered.

Failure parameter A1f in equation (23) is determined
from longitudinal tension/compression data in conjunc-
tion with the MCT decomposition. Under longitudinal
tension/compression, the fiber stress state is near one-
dimensional leading to the result

þA1f ¼
1

þS2
11f

ð24Þ

where �S11f is the fiber axial stress at composite failure
in tension and compression, respectively.

Parameter A4f in equation (23) is more problematic
to determine. Although this parameter may be isolated
in longitudinal shear, failure of a unidirectional

laminate in longitudinal shear is considered to be a
matrix failure. To determine fiber failure in longitudinal
shear, we rely on failure data from a �45� laminate
loaded biaxially to produce pure shear in local material
coordinates.

At first blush, one may argue that the same type of
shear failure should occur in biaxial loading of �45�

laminate – that is, failure would be matrix dominated.
However, the problem is complicated by the type of test
used to generate this data. Specifically, if tubes are used
to generate the biaxial response, the inherent continu-
ous nature of the fibers introduces structural effects and
global failure may not occur until fiber failure occurs.
For this reason, we assume a �45� laminate tested
using tubes will fail catastrophically due to fiber failure.
Empirical results from the first WWFE10 provide some
evidence to support this view as significantly higher
longitudinal shear failure loads in a �45� laminate
are observed compared to a unidirectional material in
longitudinal shear.12

The assumed fiber failure associated with tube test-
ing of a �45� laminate allows one to determine a value
for fiber failure in longitudinal shear. In the absence of
this data, we use an empirical estimate for fiber failure
due to longitudinal shear based on data from the first
WWFE. Specifically, fiber failure is defined to occur at
a longitudinal shear composite stress that produces
matrix stresses that are 1.25 times the matrix stress at
failure for a unidirectional laminate.

Pre-failure material nonlinearity

Material degradation is driven by the compressive
normal and longitudinal shear contributions to the
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Figure 6. Predicted MCT-based biaxial failure envelope for a 0� UD T300/PR319 graphite-epoxy.
MCT: multicontinuum theory; UD: unidirectional.
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matrix failure criterion as presented in equation (19).
For the purpose of discussion, one can rewrite this
equation, using compression parameters �Ajm, as

�Nm þ �Sm ¼ 1 ð25Þ

where

�Nm ¼
�A1mI

2
1m �

�A2mI
2
2m þ A3mI3m �

�A5mI1mI2m

ð26Þ

and

�Sm ¼ A4mI4m: ð27Þ

At low levels of �Nm and �Sm, the matrix material
properties are assumed linear elastic and matrix mater-
ial properties are held constant, implying that low levels
of stress cause no damage. However, upon exceeding
threshold values of �Nm and �Sm, the composite moduli
are reduced. The threshold value �N�THR or �S�THR are
determined from experimental data. The composite
shear modulus and normal modulus are degraded as
functions of �Nm and �Sm based on the following equa-
tions expressed as arbitrary functions,

G12 ¼ G12ð�SmÞ ð28Þ

and

E22 ¼ E22 �Nmð Þ ð29Þ

The degradation curves defined by equations (28)
and (29) are assumed to be taken from longitudinal
shear and uniaxial compression data. Moreover, the
nonlinear response for transverse compression defined
by equation (29) is also used to define the through-
thickness compression behavior governed by E33(�Nm).

Anytime composite properties are altered due to
matrix damage, the properties of the matrix material
must also be degraded in order to maintain consistent
relationships through the micromechanics analysis.
This consistency is enforced a priori to structural ana-
lysis by generating composite material property curves
as a function of matrix damage. The development of
these curves begins with isotropic matrix material prop-
erties, say Em and Gm, representing Young’s modulus
and the shear modulus, respectively. Modulus Gm is
allowed to degrade in longitudinal shear to G012m and
G013m where prime denotes a degraded property.
Transverse isotropy is enforced, requiring

G012m ¼ G013m ð30Þ

For the case of submicrocrack damage to the normal
moduli we assume degraded matrix properties given by

E 011m ¼ E 022m ¼ E 033m ð31Þ

Transverse isotropy of the in-plane matrix shear
modulus is also enforced leading to

G 023m ¼
E 022m

2 1þ �23mð Þ
ð32Þ

where Poisson’s ratio is held constant. Enforcing trans-
verse isotropy of the degraded matrix ensures the com-
posite lamina properties will also be transversely
isotropic. It should be noted that the matrix Poisson’s
ratio �23m may increase with ductile yielding of the
matrix material as would occur in a typical flow
theory in plasticity. However, at the present time, we
have chosen to hold �23m constant as the precise nature
of any change in �23m is unknown.

Given the degradation scheme outlined above, it is a
straightforward matter to relate degraded composite
properties to degraded matrix properties as functions
of simple curves for any composite material.

Post-failure material nonlinearity

The on/off material stiffness post-failure modeling
scheme used by Mayes and Hansen8,9 proved to be
inadequate for modeling the response of multidirec-
tional laminates. Due to the constraining effect of adja-
cent laminae, constituent failure is not catastrophic in
that the deformation is localized and the constituent is
still able to support substantial loads through complex
load paths.

To illustrate the ‘laminate effect’ consider the simple
case of a transverse crack, parallel to the fibers and
extending through the laminate thickness, in a UD
composite under transverse tension. This single crack
will result in separation of the laminate into two pieces,
leaving the composite with zero residual stiffness in the
direction normal to the crack. If the same material was
embedded in a multidirectional laminate, the crack
would terminate at the interface with adjacent lamina,
and local stress relief would occur due to load transfer
to the adjacent lamina. The net reduction in stiffness
may be minimal depending on the orientation and
density of the local cracking.

For a second generation MCT failure analysis, a
post-failure degradation model was developed to
account for a more gradual reduction in failed matrix
material properties in multidirectional laminates. The
model is intended to capture the material response
of a point in a lamina, which is part of a multidirec-
tional laminate, after a matrix failure is predicted.
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However, in the case of unidirectional laminates, con-
stituent material properties are still zeroed when matrix
failure is detected – an approach consistent with the
work of Mayes and Hansen.8

The post failure material degradation process for the
matrix begins by computing an effective matrix strain
parameter denoted by C where

C ¼ I3m ¼ "
2
22m þ "

2
33m þ 2"223m ð33Þ

When initial failure in the matrix occurs, the value of
C is recorded and denoted by Co. As deformation pro-
ceeds, matrix strains increase and the ratio (C/Co) is
computed. Using data found in Knops and Bögle,16

matrix longitudinal shear and matrix normal moduli
degradation curves are determined as a function
(C/Co) for both glass and graphite reinforced composite
laminates. The degradation values are used to degrade
the tangent moduli of the matrix material stiffness con-
stants. As always, transverse isotropy is enforced as well
as consistency between degraded matrix and composite
properties. When crack saturation is reached, further
deformation is based on a constant tangent modulus
using the value computed at saturation.

Hydrostatic stress effects

Based on the review made in Hoppel et al.,2 it was
reported that many polymers tend to show an increase
in modulus and strength as a function of increasing
hydrostatic pressure. Our approach to reasonably
determining the effect of hydrostatic pressure on poly-
mer matrix strengths was to examine neat resin data
from Hine et al.17 Assuming a von Mises failure criter-
ion in the presence of normal stresses only, a neat resin
matrix failure criterion takes the form

þA �11 � �22ð Þ
2
þþA �11 � �33ð Þ

2
þþA �22 � �33ð Þ

2
¼ 1

ð34Þ

Coefficient �A is determined from uniaxial tension/
compression data as

þA ¼
1
þ�uð Þ

2
ð35Þ

where ��u represents the ultimate stress in tension and
compression, respectively.

Neat resin polymer compressive strength is further
assumed to be a linear function of hydrostatic stress.
Specifically, the form of matrix strength hardening
under hydrostatic compressive stress is assumed to be

��u ¼
��ou þ C �kk � 1:1��kk

� �
ð36Þ

where �kk represents the trace of the stress tensor and
��kk represents a threshold value of hydrostatic stress
defined by the value of �kk at failure in uniaxial com-
pression. If the hydrostatic stress, �kk, is below the
threshold value of 1.1 ��kk, the hardening of equation
(36) is not invoked. The threshold value of ��kk was
chosen to eliminate a hardening effect under pure uni-
axial compression. The multiplier of 1.1 is a numerical
convenience introduced to ensure the hydrostatic stress
truly cleared the threshold stress before hardening
began. Based on data provided in Hine et al.,17 the
coefficient, C, of equation (36) was determined to be
0.04. One would expect a comparable value, perhaps
not identical, would apply to the hardening of the vari-
ous epoxy matrix materials used in the exercise herein.

Strength hardening of the matrix material within a
composite is assumed to be isotropic in the sense that
all strength parameters in equation (19) are increased
proportionally under hydrostatic compressive stress.
Because parameter A4m is readily isolated from other
strength parameters, we have chosen to harden this par-
ameter as follows.

A4m ¼
1

S12mð Þ
2

ð37Þ

where following equation (36), matrix strengths, S12m,
are assumed to take the form

S12m ¼ S12m � 0:04 �kkm � 1:1��kkm
� �

, ð38Þ

The threshold hydrostatic stress, ��kkm, for the matrix
material is computed from the matrix stress state at
failure in uniaxial transverse compression. The value
of C¼ 0.04 in equation (38) was taken as identical to
the value of C chosen for the neat resin data provided
in Hine et al.17 Isotropic (proportional) strengthening is
imposed by modifying all other compressive parameters
of equation (19) as

Ajm ¼ Ao
jm

A4m

Ao
4m

� 	
ð39Þ

where Ao
jm denotes failure parameters in the absence of

hydrostatic pressure.
A similar procedure is followed to introduce fiber

strengthening in the presence of transverse compression
in the matrix defined by I2m< 0. As noted in the intro-
duction, the apparent failure properties of fibers in
compression in a unidirectional composite are attribu-
ted to matrix failure mechanisms that lead to fiber kink-
ing and/or buckling. Based on this premise, we have
chosen to strengthen fiber properties in compression
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in identical proportion to those of the matrix.
Specifically, we assume

Ajf ¼ Ao
jf

A4m

Ao
4m

� 	
ð40Þ

where again, hardening only occurs if the matrix pres-
sure is above the threshold value defined in equation
(38).

Our approach to specifying fiber hardening to be
proportional to the matrix strength hardening is admit-
tedly simplistic and the topic warrants substantial add-
itional research. Furthermore, while we have assumed

fiber tensile strengths are constant, the work in Sigley
et al.18 suggests fiber tensile strengths are also affected
by hydrostatic pressure. The approach taken here is
believed to be a reasonable starting point to address
these complex phenomena.

Numerical implementation

The MCT failure algorithm described herein was imple-
mented in the commercial nonlinear finite element code
ABAQUS Standard. An ABAQUS umat, which is a
user-defined subroutine, was added to the ABAQUS
program to achieve the MCT decomposition. Loading
to failure was performed incrementally with ABAQUS
default convergence parameters for nonlinear iteration.
Load control was used for all analyses presented and no
convergence difficulties were encountered.

Material property degradation applied specifically to
the Young’s (normal) moduli and shear moduli.
Poisson’s ratios for the matrix and the composite
were held constant throughout the entire solution.
Degraded composite properties are linked to the
degraded matrix properties through degradation
curves established prior to failure analysis from the
finite element micromechanics model (Figure 7). The
curves are based on the work reported in Knops and
Bögle16 and also on the work carried out by Zinoviev,
see Chapter 5.11 in Hinton et al.10

Figure 8 shows an example finite element model of a
quasi-isotropic laminate with one 3D element per layer.
Constraint equations are enforced on edge nodes to
simulate the condition that the model is embedded in
an infinite array. Also shown are the local coordinate

Post -failure Region: 
Tangent Formulation

Pre-failure Region: 
Secant   
Formulation

Matrix Failure for a UD Lamina

Linear Region

Figure 7. Nonlinear shear stress–strain response of a lamina within a multidirectional laminate.

Figure 8. Example finite element model of a quasi-isotropic

laminate showing one 3D element per layer along with fiber

orientations of the individual lamina.
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rotations relative to the global coordinates for the indi-
vidual lamina. Figure 9 shows positive stress definitions
for the composite and/or the individual constituents in
local (material) coordinates. The 1 direction is always
aligned with the fibers while the 3 direction always rep-
resents the through-thickness direction.

Results

The new generation of MCT was used to generate the-
oretical predictions for the 12 cases requested by the
organizers of the WWFE-II.19 Tables 1 and 2 show in
situ elastic constants for the matrix and fiber materials.
Table 3 shows the composite properties used in this
study as calculated by the finite element micromecha-
nics using the constituent properties of Tables 1 and 2.
The composite properties of the carbon composites are
generally in close agreement with data provided by the
organizers. Some discrepancies were observed in the
glass composite properties.

Tables 4 to 9 showmatrix and fiber failure parameters
for the constituent materials used in the Exercise in
the absence of hydrostatic pressures. Finally, Table 10
shows the revised transverse shear strengths used in the

analysis compared with the original transverse shear
strengths supplied in the Exercise. All other strengths
used in the analysis are consistent with those provided
by the organizers.

Case 1

The first test case involves predicting the failure enve-
lope of MY750 epoxy as a neat resin when subject to
superposed hydrostatic pressure. This problem involves
a single constituent only and, as such, it does not
require a multicontinuum analysis. Figure 10 shows
the predicted failure envelope requested under hydro-
static stress. Matrix failure is based on a von Mises type
failure criterion where different failure strengths are
allowed in compression and tension. Matrix strengthen-
ing is evident in the compressive zone due to the hydro-
static pressure. The specific form of matrix
strengthening is given in equation (36).

Case 2

Figure 11 shows a predicted biaxial, �12 versus �2 with
�1¼ �2¼ �3, failure envelope for a T300/PR319 graph-
ite/epoxy UD laminate. Failure in quadrant I is driven
by a combination of matrix tensile and matrix shear
stresses. Failure in quadrant II is governed by matrix
shear failure. Strengthening of the matrix due to hydro-
static pressure is readily apparent as the absence of this
strengthening would produce a near horizontal failure

Table 1. In situ matrix elastic constants, Kaddour and Hinton.19

Matrix Em (GPa) Gm (GPa) �m

8551-7 4.08 0.38 1.48

PR-319 1.75 0.35 0.65

Epoxy 1 3.20 0.35 1.18

Epoxy 2 3.20 0.35 1.18

MY750 3.35 0.35 1.24

Figure 9. Composite and constituent positive stress definitions

in local (material) coordinates.

Table 2. In situ fiber elastic constants, Kaddour and Hinton.19

Fiber

E11f

(GPa)

E22f

(GPa)

G12f

(GPa)

G23f

(GPa) �12f �23f

IM7 275 13.6 95 5.25 0.2 0.3

T300 214 21 15 7 0.3 0.5

A-S 231 35.7 95 11.9 0.27 0.5

S2-glass 110 110 45.8 45.8 0.2 0.2

E-Glass 76 76 31.2 31.2 0.22 0.22

Table 3. Composite elastic constants as determined from

micromechanics

Lamina

E11c

(GPa)

E22c

(GPa)

G12c

(GPa)

G23c

(GPa) v12c v23c

IM7/8551-7 167 8.56 5.62 2.94 0.27 0.46

T300/PR 319 129 5.53 2.24 1.89 0.32 0.47

A-S/Epoxy 1 140 9.93 4.56 3.38 0.30 0.47

S2-glass/Epoxy 2 73.6 14.4 5.22 5.22 0.24 0.39

E-Glass/MY750 54.2 16.2 5.88 5.94 0.25 0.36
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Table 4. Matrix failure criterion coefficients for IM7/8551-7

(þ) A11 (þ) A22 A3 A4 (þ,þ) A5 (�,þ) A5

1.020E�16 �1.199E�16 1.247E�16 3.034E�16 8.267E�17 3.268E�17

(�) A11 (�) A22 A3 A4 (þ,�) A5 (�,�) A5

5.917E�17 7.144E�17 1.247E�16 3.034E�16 �2.243E�18 2.126E�17

Table 5. Matrix failure criterion coefficients for T300/PR319

(þ) A1 (þ) A2 A3 A4 (þ,þ) A5 (�,þ) A5

2.041E�16 �6.413E�16 2.679E�16 2.815E�16 1.269E�16 5.478E�17

(�) A1 (�) A2 A3 A4 (þ,�) A5 (�,�) A5

5.917E�17 1.340E�16 2.679E�16 2.815E�16 �6.493E�16 2.014E�17

Table 6. Matrix failure criterion coefficients for AS/Epoxyl

(þ) A11 (þ) A22 A3 A4 (þ,þ) A12 (�,þ) A12

1.384E�16 �7.909E�16 2.089E�16 5.193E�16 1.459E�16 1.539E�15

(�) A11 (�) A22 A3 A4 (þ,�) A12 (�,�) A12

6.944E�17 1.130E�16 2.089E�16 5.193E�16 �2.340E�16 2.281E�17

Table 7. Matrix failure criterion coefficients for E-Glass/MY750

(þ) A1 (þ) A2 (þ) A3 A4 (þ,þ) A5 (�,þ) A5

1.563E�16 �7.727E�16 2.702E�16 4.564E�16 2.530E�16 2.907E�16

(�) A1 (�) A2 (�) A3 A4 (þ,�) A5 (�,�) A5

6.944E�17 1.137E�16 2.702E�16 4.564E�16 1.588E�16 8.420E�17

Table 8. Matrix failure criterion coefficients for S2 Glass/Epoxy2

(þ) A11 (þ) A22 A3 A4 (þ,þ) A12 (�,þ) A12

1.778E�16 �2.571E�16 1.695E�16 5.241E�16 1.407E�16 1.225E�15

(�) A11 (�) A22 A3 A4 (þ,�) A12 (�,�) A12

6.944E�17 8.542E�17 1.695E�16 5.241E�16 1.673E�16 2.327E�17

Table 9. Fiber failure criterion coefficients for all fibers

Material IM7/8551-7 T300/PR319 A-S/Epoxy 1 E-Glass/MY750 S2/Epoxy 2

(þ) A1 5.607E�20 1.917E�19 9.262E�20 3.110E�19 1.554E�19

(�) A11 1.454E�19 4.033E�19 1.630E�19 7.961E�19 3.397E�19

A4 3.723E�17 2.802E�17 4.194E�17 6.864E�17 1.29E�16

Table 10. Adjusted composite transverse shear strengths

(MPa) IM7/8551-7 T300/PR319 A-S/Epoxy 1 E-Glass/MY750 S2/Epoxy 2

S23 given 57 45 50 40 50

S23 adjusted 82 64 72 46 74

Nelson et al. 2473



prediction at 97MPa in quadrant II which is the pure
shear value provided.

MCT does not predict constituent level failure under
pure hydrostatic pressure for the plot scale requested in
Figure 11. For instance, at �1000MPa, the fiber failure
criterion has reached a value of 0.127 where a value of 1
indicates fiber failure. A simple linear scaling of these
results would indicate fiber failure would occur at a

pressure of 7874MPa, thereby closing the failure enve-
lope. However, this scaling cannot be done with any
confidence due to the fiber hardening model introduced
in equation (40). Moreover, we believe there is merit in
exploring a fiber failure criterion similar to the matrix
criterion of equation (19) for very high stress levels. In
this case, transverse fiber stresses may have an impact
on failure loads. In brief, we believe there is far too
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Figure 11. Test case 2; biaxial (�12 versus �2 with �1¼ �2¼ �3) failure envelope prediction for T300/PR319 graphite-epoxy

unidirectional laminate.

–1000

–750

–500

–250

0

250

2500–250–500–750–1000

σ
x

(M
P

a)

σy = σz (MPa)

Figure 10. Test case 1; biaxial (�x versus �z with �y¼ �z) failure envelope prediction for MY750 epoxy.
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much uncertainty to scale our results to estimate a
hydrostatic compressive failure of the fibers.

Finally the T300/PR319 composite is the one graph-
ite/epoxy composite studied where we chose not to
match the composite data as near as possible. In par-
ticular, we chose to use a longitudinal shear modulus of

15GPa for the graphite which is consistent with the
value provided by the organizers. However, in order
to match the composite longitudinal shear modulus a
fiber shear modulus of 2.4GPa is required. Matching
the composite data precisely produces a similar
response as seen in Figure 11 but with a slightly lower
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Figure 12. Test case 3; biaxial (�12 versus �2 with �1¼ �2¼ �3) failure envelope prediction for T300/PR319 graphite-epoxy

unidirectional laminate.
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Figure 13. Test case 4; shear stress–strain curve (�12 versus �12 with �1¼ �2¼ �3) predictions for T300/PR319 graphite-epoxy

unidirectional laminate.
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slope with increasing compressive stress. We will revisit
the value of the longitudinal shear modulus in the
second part of the Exercise.

Case 3

Figure 12 shows a predicted biaxial stress/strain failure
envelope of �12 versus �2 with �1¼ �2¼ �3, for the same
T300/PR319 graphite-epoxy UD laminate of Case 2.
Nonlinearities in the shear stress–strain response are
attributed to the nonlinear shear behavior of the
matrix material within the composite. For the current
predictions shown in Figure 12, nonlinear shear

behavior is assumed independent of hydrostatic effects
with the exception of ultimate failure. Evidence in the
literature suggests that nonlinear strain effects diminish
with increasing hydrostatic pressure. We intend to con-
sider modifying stiffness properties as a function of
hydrostatic stress in part II of the Exercise.

Case 4

Figure 13 shows the predicted stress-strain response in
longitudinal shear for a T300/PR319 carbon/epoxy
unidirectional laminate after a 600MPa hydrostatic
stress has been applied. As noted previously, nonlinear
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Figure 14. Test case 5; biaxial (�2 versus s3 with s1¼s3) failure envelope prediction for E-glass/MY750 epoxy unidirectional

laminate.
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Figure 15. Test case 6; biaxial (�1 versus �3 with �2¼ �3) failure envelope prediction for S-glass/epoxy 2 unidirectional laminate.
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stress–strain behavior is independent of hydrostatic
pressure in the present analysis. Hence, with the excep-
tion of an increase in the ultimate failure load, the non-
linear effects predicted here would be similar to the
nonlinear response seen in the absence of hydrostatic
compressive stress.

Case 5

Figure 14 shows a predicted biaxial failure envelop, �2
versus �3 with �1¼ �3, for an E-glasss/MY750 epoxy.

Matrix failure governs the composite failure in all four
quadrants. As a result, the failure envelope in compres-
sion shows strong similarities to the neat resin matrix
failure envelope shown in Figure 10.

Case 6

Figure 15 shows a predicted biaxial failure envelop, �1
versus �3 with �2¼ �3, for an S-glasss/epoxy2 UD com-
posite. Quadrants I and II are governed by matrix
failure whereas quadrants III and IV are governed by
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Figure 16. Test case 7; biaxial (�1 versus �3 with �2¼ �3) failure envelope prediction for AS-carbon/epoxy 1 unidirectional laminate.

Figure 17. Test case 8; biaxial (�y versus �z with �x¼ �z) failure envelope prediction for E-glass/MY750 epoxy �35� laminate.
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fiber failure. The strengthening effect in compression in
quadrant III is primarily attributed to strengthening the
fiber failure strength in compression. The bilinear
behavior seen in quadrant III is the result of introdu-
cing fiber hardening only after a threshold hydrostatic
stress has been reached in the matrix material. For
instance, in uniaxial compression, the matrix stress
state at failure is given by

�m½ � ¼
�52 0 0
0 �3:1 0
0 0 �3:1

2
4

3
5 ð41Þ

The trace of the matrix stress at failure at failure is
given by �58MPa which is well below the threshold
stress of �202MPa. As transverse compressive stress
begins to build in the matrix, the hardening law for
the fibers will kick-in at the critical value causing the
bilinear response seen in Figure 15.

For the present work, the ultimate fiber strength in
tension is assumed to be constant and, furthermore, the
fiber failure criterion is independent of transverse fiber
stresses. However, the MCT prediction of the failure
envelope shows that the tensile strength is reduced
slightly with increasing composite stresses in 2 and 3
directions. This phenomenon is due entirely to the
MCT decomposition and is demonstrated by the fiber
stress state shown in equation (14) (repeated below for
convenience) which is the result of a biaxial compres-
sive stress of �22¼ �33¼ 10MPa as shown in Figure 2.

�f

h i
¼

4:29 0 0
0 �10:8 0
0 0 �10:8

2
4

3
5 ð42Þ

Specifically, when the composite is loaded in com-
pression in the 2 and 3 directions, significant fiber

tensile stresses (�11f) are induced. For instance, the ten-
sile stress in the fibers in equation (14) is a remarkable
43% of the 10MPa applied stress in the 2 and 3 direc-
tions, despite there being no axial load. As a result, as
the stress in the 2 and 3 directions increases, fiber tensile
stresses also increase and it takes less axial composite
stress to reach the fiber failure load.

Finally, we believe the fiber failure criterion (equa-
tion (23)) utilized in this work is perhaps too simplistic
for serious multiaxial loadings such as those seen in this
exercise. Biaxial cruciform data generated at AFRL
(Jeff Welsh, personal communication) suggests a more
interactive fiber failure criterion (similar to the matrix
failure criterion) should be examined and we will con-
sider this in part II of the Exercise.

Case 7

Figure 16 shows a predicted biaxial failure envelop, �1
versus �3 with �2¼ �3, for an AS carbon/epoxy UD
composite. Like the previous case, failure in quadrants
I and II is governed by matrix failure whereas failure in
quadrants III and IV is the result of fiber failure. The
bilinear response observed in quadrant III is similar to
Case 6 for a glass/epoxy composite. Parry and
Wronski4 document a similar bilinear effect experimen-
tally in quadrant III and attribute the phenomenon to a
transition from fiber buckling to fiber kinking.

Case 8

Figure 17 shows a predicted failure envelope, �y versus
�z with �z¼ �x, for a �35� E-glass/MY750 epoxy
laminate. Matrix failure corresponds to initial failure
in all four quadrants. In compression dominated
regions of the envelope, final failure is governed by
fiber failure.

In the tension dominated portion of the envelope,
matrix saturation is also predicted. Matrix saturation
does not correspond to initial matrix failure. Rather,
the following sequence of matrix behavior holds in
every analysis.

– Nonlinear matrix behavior initiates due to submi-
crocrack (damage) accumulation.

– Matrix failure occurs at a failure stress determined
based on if the lamina in question was a UD com-
posite. This point is what we have defined as initial
matrix failure.

– The post-failure regime is characterized by
through-thickness matrix cracks that increase in
density as the loading continues. Eventually, a
crack saturation point, referred to as matrix sat-
uration, is reached where the crack density has
reached a maximum.

Table 11. A breakdown of the normal stress contribution and

longitudinal shear stress contribution to matrix failure for a

selection of points along the initial failure envelope of Figure 17

�N �S

A 0.85 0.15

B 1.00 0.00

C 0.97 0.03

D 0.52 0.48

E 0.58 0.42

F 0.53 0.47

G 0.83 0.17

H 0.42 0.58

I 0.74 0.26
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– Matrix saturation in a laminate is based on the
data of Knops and Bögle.15 In related unpublished
work we have recently completed, crack satur-
ation has shown to correspond reasonably well
to the weeping through a vessel wall. For an
unlined pressurized specimen, crack saturation
may correspond to final failure. However, we
emphasize that matrix crack saturation does not
imply fiber failure. In areas where matrix satur-
ation has not been plotted, fiber failure occurs
first.

MCT does not determine a specific type of matrix
failure as the failure criterion is interactive and the full
matrix stress tensor is involved in the prediction of fail-
ure. While it is possible to isolate the impact of each
stress component individually, a compromise is to
examine the effects of longitudinal shear versus the
normal stresses by using equations (25) to (27).
Table 11 provides a breakdown of the normal stress
contribution and longitudinal shear stress contribution
to matrix failure for a selection of points along the ini-
tial failure envelope of Figure 17.
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The predicted failure envelope for this load case does
not close in quadrant IV. However, it is conceivable
that fiber failure could be predicted in the compres-
sion-compression quadrant. This load case is an exam-
ple of where a more complex fiber failure criterion,
allowing for an impact of transverse stresses in much
the same way as the matrix failure criterion, may
improve on the present theory. We are currently explor-
ing this possibility although at present, other than what
is plotted, we cannot predict fiber failure to close the
envelope.

Case 9

Figure 18 shows a predicted stress–strain curves "x and
"y as a function of �y for the �35� E-glass/MY750
epoxy laminate. As requested, the loading first consists
of applying a 100MPa hydrostatic pressure and then
increasing �y until final failure. Figure 18 shows initial
matrix failure occurring at 250MPa with fiber (final)
failure occurring at 340MPa. Nonlinear behavior
prior to initial matrix failure is evident.

Case 10

Figure 19 shows initial matrix failure, matrix crack sat-
uration and final failure envelopes for a (0/90/�45)S
IM7/8551-7 carbon/epoxy laminate. The figure shows
�yz versus �z with �x¼ �y¼ 0. The analysis does not
predict matrix failure or fiber failure due to compres-
sion for the scale of the plot requested by the organ-
izers. Initial matrix failure, when it occurs, takes place
first in the �45� plies, then propagates to all plies. Fiber
failure, where predicted, also occurs in the �45� plies

and is the result of longitudinal shear (in local coord-
inates) in the fibers.

Fiber failure corresponds to final failure in the com-
pressive quadrant of the plot and also where matrix
saturation does not exist in the tensile quadrant of
the plot. For certain classes of problems, matrix satur-
ation may be catastrophic and hence be equivalent to
final failure. However the decision of whether or not
matrix saturation represents final failure is problem
dependent and requires a judgment call by the analyst.

Case 11

Figure 20 shows initial matrix failure and final fiber
failure envelopes for a (0/90)S IM7/8551-7 carbon/
epoxy laminate. The figure shows �yz versus �z with
�x¼ �y¼ 0. As in Case 10, the analysis does not predict
matrix failure or fiber failure due to compression. Fiber
failure corresponds to final failure in the compressive
quadrant of the plot and also where matrix saturation
does not exist in the tensile quadrant of the plot. Fiber
failure occurs in the 90� plies as they are subjected to a
longitudinal shear load when the laminate is under an
applied shear, �yz.

Case 12

Figure 21 shows predicted stress–strain curves �z versus
"z and �z versus "x under transverse compression, with
�x¼ �y¼ 0, for a (0/90)S IM7/8551-7 carbon/epoxy
laminate. The response is linear elastic in appearance.
The cause of linear elastic response is attributed to the
matrix material being in close to a hydrostatic compres-
sive stress state. Nonlinear compressive response will
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Figure 20. Test case 11; biaxial (�yz versus �z with �x¼ �y¼ 0) failure envelope prediction for IM7/8551-7 graphite-epoxy (0�/90�)s
laminate.
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only occur in the presence of significant deviatoric stres-
ses as equation (26) equals zero under hydrostatic
stress.

Discussion

While the approach to an MCT failure analysis as out-
lined in the present exercise is conceptually straightfor-
ward, the implementation of the analysis is less so. The
primary challenge encountered was the appropriate
determination of material strength parameters Ajm

and Ajf found in equations (19) and (23). The param-
eters must be selected to predict the uniaxial strengths
provided by the organizers while showing proper (at
least intuitively correct) material failure behavior
under significant hydrostatic compressive stress.

Aside from the obvious need to examine the experi-
mental data and make appropriate corrections to the
analysis, we have identified several issues that warrant
further attention. To begin, we are interested in exam-
ining the possibility of moving the fiber failure criterion
of equation (23) to a form more in line with the matrix
failure criterion of equation (19). Also, in addition to
reexamining the proposed strength hardening model
used here-in, we believe it may be necessary to alter
material stiffness properties to reflect the influence of
hydrostatic pressure. Increasing pressure is believed to
cause an increasingly linear elastic response.

Primarily due to time constraints, we have not mod-
eled any possible thermal effects resulting from cure
cycles for these materials. MCT is particularly well-
suited to modeling thermal problems in that the
theory readily captures thermally induced stresses that

are self-equilibrating at the composite level. The ability
to naturally account for thermal stresses in a combined
thermo-mechanical problem is certainly an appealing
aspect of the present theory.

With regard to the application of the method to
an isotropic material, the failure envelope shown in
Figure 10 does not close on or near the hydrostatic (ten-
sion and compression) stress line as a von Mises surface
is independent of hydrostatic stress. This phenomenon is
consistent with a von Mises failure theory. Clearly, fail-
ure in the tension zone will occur and indeed at relatively
low stress levels. The present failure criterion would
have to be modified if one were interested in modeling
failure due to hydrostatic tensile stresses. For instance, a
max stress criterion could be combined with the von
Mises criterion in the tensile zone.

Finally, an important point to recognize here is that
while the failure envelope of the neat resin is represen-
tative of the trend of matrix behavior in a composite, a
direct correlation with matrix failure envelopes in com-
posite laminates is not possible. The reason being is
that matrix failure in a UD lamina is based on a trans-
versely isotropic model which is the direct result of the
microstructure of the material. The use of in situ con-
stituent properties is a necessary feature of all MCT
analyses.

In closing, we found the present exercise focused on
hydrostatic effects on composites to be exceedingly
challenging, if not humbling. For every piece of know-
ledge gained, we discovered new and challenging ques-
tions to address. We thank the organizers for
developing this interesting failure exercise and provid-
ing us with the opportunity to participate.

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

–12.0 –8.0 –4.0 0.0 4.0 8.0 12.0
( σ

z
M

P
a)

εz (%) εx (%) and εy (%)

Figure 21. Test case 12; normal stress–strain curve (�z versus "x and �z versus "y with �x¼ �y¼ 0) predictions for IM7/8551-7

graphite-epoxy (0�/90�)s laminate.
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Conclusions

1. A micro-mechanics based methodology for triaxial
failure analysis using multicontinuum decompos-
ition, incorporating hydrostatic pressure effects,
has been employed to predict the nonlinear
damage behavior and failure envelopes of various
laminates and materials under 3D states of stress,
including through-thickness shear and direct
stresses.

2. A number of new developments to the multiconti-
nuum methodology have been implemented. These
include: (a) modification of the constituent failure
criteria, (b) incorporation of pressure effects, (c)
new damage analyses, and (d) implementation into
a commercial finite element package.

3. A structural analysis algorithm is presented and is
found to be numerically highly efficient where the
relationships between composite properties and
damaged properties are determined prior to struc-
tural analysis.

4. The methodology has been applied to provide pre-
dictions for all the 12 challenging test cases, pro-
posed by the WWFE-II. The cases involve 3D
failure envelopes and stress–strain curves involving
both isotropic materials as well as various unidirec-
tional and multi-directional materials.

5. The readers are advised to refer to another publica-
tion,20 where the present predictions have been com-
pared with other theoretical results, for the same test
cases, generated by other originators of failure
theories.

6. Finally, comparison between the current theoretical
predictions with relevant experimental data is made
in Hansen et al.21 And the performance of the MCT
theory in relation to 11 other methods is fully
described in Kaddour and Hinton.22
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Appendix

Notation

� indicates the appropriate tensile or
compressive value is used depending
on the constituent’s stress state

"
~

composite strain tensor
"
~
	 constituent 	 strain tensor (	¼ f

(fiber), m (matrix))
�
~

composite stress tensor
�
~
	 constituent 	 stress tensor (	¼ f

(fiber), m (matrix))
A von Mises strength parameter
Aif fiber failure criterion parameters

(i¼ 1 and 4)
Aim matrix failure criterion parameters

(i¼ 1 to 5)
D volume region of integration

E11, E22, E33 composite Young’s moduli.
E11	, E22	, E33	 constituent Young’s moduli (	¼ f

(fiber), m (matrix))
G12, G13, G23 composite shear moduli

G12	, G13	, G23	 constituent shear moduli (	¼ f
(fiber), m (matrix))

E 0iim , G 0ijm degraded matrix elastic constants
Ii composite transversely isotropic

stress invariants (i¼ 1 to 5)
Ii	 constituent 	 transversely isotropic

stress invariants (	¼ f (fiber), m
(matrix)); (i¼ 1 to 5)

S12m matrix longitudinal shear stress at
composite longitudinal shear failure

S23m matrix transverse shear stress at
composite transverse shear failure

�T difference between current and
reference temperatures

V volume
�Nm matrix failure criterion excluding

longitudinal shear contribution
�Sm longitudinal shear portion of matrix

failure criterion
�ij composite stresses referenced to the

local lamina (i, j¼ 1 to 3) or global
laminate (i, j¼x to z) coordinate
system

�ij	 constituent 	 stresses referenced to
the local lamina coordinate system
(	¼ f (fiber), m (matrix)); (i, j¼ 1 to
3)

�um neat resin matrix failure
�	 constituent 	 volume fraction (	¼ f

(fiber), m (matrix))
C effective matrix strain parameter

{a} vector relating constituent to compo-
site thermal strains

[A] 6� 6 matrix relating constituent to
composite mechanical strains

[C] composite stiffness matrix
[C	] constituent 	 stiffness matrix (	¼ f

(fiber), m (matrix))
[I] 6� 6 identity matrix

{�} composite coefficients of thermal
expansion.

�b c ¼ �11 ,�22 ,�33 , 0 , 0 , 0b c

{�	} constituent 	 coefficients of thermal
expansion (	¼ f (fiber), m (matrix))

{"} composite total strain tensor in con-
tracted (matrix) notation

{"	} constituent 	 total strain tensor in
contracted notation (	¼ f (fiber), m
(matrix))

{"o} composite thermal strain tensor in
contracted notation

{"	o} constituent 	 thermal strain tensor in
contracted notation (	¼ f (fiber), m
(matrix))

{�} composite stress tensor in contracted
notation

{�	} constituent 	 stress tensor in con-
tracted notation (	¼ f (fiber), m
(matrix))
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