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A Multicontinuum Approach to 
Structural Analysis of Linear 
Viscoelastic Composite Materials 
A "multicontinuum" approach to structural analyses of  composites is described. A 
continuum field is defined to represent each constituent material along with the 
traditional continuum field associated with the composite. Finite element micromecha- 
nics is used to establish relationships between composite and constituent field vari- 
ables. These relationships uncouple the micromechanics from structural solutions 
and render an efficient means of  extracting constituent information during the course 
of  a finite element structural analysis. Equations are developed for  the case of  a 
linear elastic reinforcing material embedded in a linear viscoelastic matrix and 
verified by comparison with results of  finite element micromechanics. 

1 Introduction 

The analysis of composite material structures is complicated 
by the microstructural presence of two or more distinctly differ- 
ent materials and their microstructural interaction. The tradi- 
tional approach to structural analysis is to ignore microstructural 
details by homogenizing them into an effective set of properties 
for a single continuum. Though very successful for noncompos- 
ite structural materials, the traditional approach has been found 
inadequate for describing or predicting many types of composite 
material behavior. Inadequacies are most frequently associated 
with inelastic material behaviors and predictions of material 
damage and failure. The inability to predict such phenomena 
can often be traced to a lack of information about constituent 
material response. The goal of this work is to develop a theory 
and associated numerical algorithm for extracting the continuum 
stress and strain fields for the constituents in a linear viscoelastic 
composite during the course of a routine structural analysis. 

The modern approach to acquiring microstructural informa- 
tion is to employ numerical methods to perform micromechani- 
cal analyses. However, micromechanical analyses of single 
points are often computationally intensive. Therefore, it  is gen- 
erally impractical to use detailed micromechanical models in 
conjunction with structural analyses where there are often thou- 
sands of material points. Some investigators have employed 
simplified micromechanical models in an attempt to reduce the 
computational burden and allow some degree of coupling with 
structural analyses. Aboudi (1991) has developed a coupled 
micromechanical approach known as the Method of Cells in 
which the reinforcement is assumed to exist in a doubly periodic 
rectangular array. The unit cell model consists of four rectangu- 
lar regions. This simplification of the microstructure facilitates 
efficient analytical expressions for the deformation behavior of 
the unit cell. However, these expressions must be solved at 
every step for each material point in an analysis, and despite 
the simplification, bring a significant computational cost. Also, 
assumed periodicity and simplified inclusion shape can produce 
poor results in some cases (see, e.g., Brockenbrough et al., 
1991). In a similar vein, Pecknold and Rahman (1994) also 
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employed a rectangular array micromechanics model that they 
formulated using mechanics of materials. They presented their 
micromechanics model as a cost effective tradeoff in conjunc- 
tion with a hierarchical modeling approach to structural analysis 
of thick composites. Ravichandran and Seetharaman (1993) 
developed a model for predicting steady-state creep rates in 
composites by assuming a periodic array of rigid cubic inclu- 
sions and report good results except at intermediate volume 
fractions where the creep rates were significantly overestimated. 
Based primarily on Eshelby's (1957) work, Dvorak and Ben- 
veniste (1992) and Dvorak (1992) have developed a transfor- 
mation theory for the micromechanical analysis of composites. 
Dvorak et al. (1994) implemented the theory in a numerical 
setting and made comparisons with finite element micromecha- 
nics results. Though elegant, the method was shown to be only 
marginally more efficient than the comparison finite element 
model as it relies on basically the same type of discretization 
procedures. These various studies stand as evidence of the trend 
toward the use of micromechanics models to either develop or 
verify constitutive laws for structural analysis of composites. 

Coupled approaches, in which a micromechanics model is 
associated with each material point in a structural analysis, tend 
to be inefficient because they produce large amounts of informa- 
tion, such as microstructural displacements, that are of no direct 
use to the structural analyst. Hence, micromechanics has been 
used largely as a tool for investigating the constitutive behavior 
of composite materials and much less as a means of enhancing 
structural analyses. Such micromechanical investigations of 
constitutive behavior reveal the importance of microstructural 
variables in predicting the macroscopic response of the compos- 
ite. 

The traditional single continuum by itself does not provide 
a good framework for incorporating microstructure related vari- 
ables into the structural solution process. For example, the vis- 
cous relaxation of a matrix material can cause significant ex- 
change of load with an elastic fibrous reinforcement. Though 
a single continuum can be made to model the macroscopic 
deformation associated with such phenomena, it provides no 
means for monitoring variables associated with the phenomena 
itself (i.e., constituent stresses and strains). Micromechanics 
can readily model such behavior for a point, but as discussed 
previously, is generally impractical for use in structural analy- 
ses. To establish a more general framework for structural analy- 
sis of composites, Garnich and Hansen (1996) have introduced 
the concept of a multicontinuum. They have defined continuum 
fields for each material constituent and produced continuum 
results for fiber and matrix materials in a linear thermal-elastic 
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binary composite. Here, the concept is developed for the case 
of a linear viscoelastic composite in which a linear elastic rein- 
forcing material is embedded in a linear viscoelastic matrix 
material. 

The present work utilizes the concept of a "representative 
volume element" (RVE) as described by Hill (1963). The 
RVE concept and its limitations are formally discussed in detail 
by Nemat-Nasser and Hori (1993). For the present work it is 
assumed that any conditions necessary to validate the RVE 
concept are met and that volume averaging of constituent behav- 
ior within the RVE serves to define the effective properties of 
the composite. 

The concept of volume averaging a small region about some 
point in a body is implicit to the definitions of stress and strain 
at a point in a continuum. For the special case of linear elastic 
and linear viscoelastic constituent materials (or phases) in a 
composite undergoing small strains and displacements under 
quasi-static loads and deformations, Hashin (1965 ) showed that 
the relationships between average stress and average strain in 
an RVE can be written in standard index notation as 

fo ~ij(t)  = Co~t(t - "c) dE, l('c) d r ,  (1) 
dr 

f2 Eij(t) = Dukt(t _ ~_) dS~l(~-) d r ,  (2) 
d r  

where Cukt are the effective relaxation moduli of the composite, 
D~ikt are the effective creep compliances, and t is time. Equations 
(1) and (2) are the familiar hereditary integral forms of the 
constitutive law for a linear viscoelastic material. Thus, a basis 
for small strain constitutive laws for heterogeneous materials 
consisting of perfectly bonded linear phases is established. 

Micromechanics can be used to determine the average 
stresses and strains associated with a RVE. Many micromecha- 
nical models assume periodicity of the microstructural geome- 
try. For example, unidirectional fibrous composites are com- 
monly assumed to have the fibers arranged in hexagonal or 
square arrays. Under this assumption, a RVE which contains 
many fibers will contain the same characteristic periodicity in 
microstress and strain fields because of the assumed macroscop- 
ically uniform fields. Hence, a small part of the RVE (enough 
to contain one characteristic unit of the periodic behavior) be- 
comes representative of the RVE. Such characteristic sub- 
volumes of the RVE are termed "unit cells" and micromechani- 
cal models based on such periodicity are referred to as "unit 
cell models." 

In the remainder of this paper, both direct tensor notation 
and the "Voigt" double index notation (Mehrabadi and Cowen, 
1990) are employed. In direct notation, vectors are denoted by 
lower case boldface Arabic characters while second-order ten- 
sors are lower case boldface Greek characters and fourth-order 
tensors are denoted by bolded upper case characters. Unbolded 
characters denote scalars. In Voigt notation, fourth-order tensors 
are contracted to 6 × 6 matrices whose components are specified 
by pairs of subscript indices, second-order tensors are contracted 
to 6 × 1 vectors whose components are identified by a single 
subscript index. The notation [ ] r denotes the transpose of the 
matrix [ ]. 

2 A Linear Viscoelastic Multicontinuum 
Equations are developed for a multicontinuum in which in- 

elastic deformations occur. Specifically, a composite consisting 
of a linear isotropic viscoelastic matrix reinforced by aligned 
transversely isotropic linear elastic fibers is modeled. The devel- 
opment is restricted to linearity so, as with linear elasticity, 
the volume average stresses and strains yield exact constitutive 
relations. 

The constitutive law for the material is formulated in terms 
of hereditary integrals that are exploited by use of a recursive 

relation that allows an incremental numerical evaluation. A sim- 
ple Euler approximation is utilized at each time step. A unique 
decomposition of constituent strains is employed to derive a 
system of equations that are exact relations between incremental 
composite stresses and strains and those of the constituents. 
Although the theory is valid for thermorheologically simple 
materials (Schapery 1974), for simplicity reduced time is not 
introduced so that thermal expansion properties in the composite 
are assumed independent of temperature. In the constituents, 
thermal expansion properties are independent of time and tem- 
perature. 

The governing equations are implemented in a standard dis- 
placement based finite element program. Multicontinuum stress 
and strain histories are generated and compared with those de- 
termined from finite element micromechanics. 

2.1 Strain Decompositions. The eventual solution for 
constituent variables relies on the following decompositions of 
constituent strains. First, let 

ca(t)  = ~ ( t )  + El( t ) ,  (3) 

such that 

o't~(t) = C~[e~(t) - 0(t)a~], (4) 

where C~ is the elastic stiffness tensor for constituent/3. Also, 
e~, era, and a~ are the continuum strain, stress, and thermal 
expansion tensors, respectively, for constituent/3. The scalar 0 
is the temperature relative to a reference temperature in the 
composite. The above implies that e~(t) is a "flow" strain that 
does not contribute to stress in Eq. (4). Now consider the 
existence of two clearly identifiable sources of elastic strain 
in the constituents. The rationale for such a decomposition is 
discussed later. For now, let 

~ ( t )  = ~ ' ( t )  + ~f '(t) ,  (5) 

such that 

Y, qbpC~"(t) = 0, (6) 

where qS~ represents the volume fraction of constituent/3. 
Consider now the well-known summation rules (see, e.g., 

Hill, 1963): 

o'(t) = ~ 4,~o'~(t), (7) 

and 

~(t) = ~ 0SEn(t). (8) 

Substituting Eqs. (4) through (6) into (7) gives 

o'(t) = ~ qS~C,{e~'(t) - 0( t )a , ] .  (9) 

Also, substituting Eqs. (3) and (5) into Eq. (8) allows one 
to write 

~(t) = Z qS~[~'(t) + ~"( t )  + ~ ( t )  

+ O(t)a~ - 0(t)ap]. (10) 

Noting Eq. (9) it is seen from Eq. (10) that the total compos- 
ite strain not associated with any composite stress, in terms of 
constituent strains, is 

~*(t) = Y, 4,/~[~"(t) + ~ ( t )  + 0(t)a~]. (11) 

The above stress-free composite strain relation is a key to the 
numerical solution of constituent variables developed later. 
Also, it should be noted that e~"(t) is an elastic strain in constit- 
uent fl that, although contributing to the stress in constituent/3, 
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does not contribute to stress in the composite. Hence e}"(t) 
occurs entirely due to exchange of load between constituents 
in a RVE, and not due to any external load on the RVE. 

For consistency with the constituent strain decompositions, 
let 

~(t) = ~ ( t )  + ~:( t ) ,  (12) 

and define 

~ : ( t )  = e * ( t )  - O( t )&,  (13) 

so that for the composite the stress is expressed in the same 
form as Eq. (4), i.e., 

~r(t) = C[e~(t) - 0(t)&]. (14) 

In the above, & is the initial (t = 0) composite thermal expan- 
sion coefficient and Eq. ( 13 ) implies that the associated thermal 
expansion is contained in ~ e ( t ) .  Note the composite thermal 
expansion is time dependent even though the constituent ther- 
mal expansions are constant. This is caused by the mismatch 
in constituent thermal expansions that results in stresses, and 
therefore creep strains, at the microstructural level in a visco- 
elastic composite. 

2.2 Constitutive Laws. The present theory is developed 
only for linear constitutive laws. Therefore, for demonstration 
purposes, the composite is assumed to consist of a linear visco- 
elastic matrix with a linear elastic reinforcing material. The 
reinforcement and matrix materials are denoted by subscripts r 
and m, respectively. The constitutive law for the reinforcement 
is 

trr(t) = Cr[E,.(t) -- 0(t)ar],  (15) 

where C, is the elastic stiffness tensor, ar is a constant thermal 
expansion tensor, and O(t) is the temperature relative to a refer- 
ence temperature in the composite that corresponds to a stress- 
free state in the constituents. The reinforcement is assumed to 
consist of transversely isotropic fibers, aligned uniaxially in the 
composite. 

For the linear viscoelastic matrix, an integral form of the 
constitutive law is used: 

Yo ~,,,(t) = D,,,(t - r)dr,,,d~- + O ( t ) a  .... (16) 

where for an arbitrary function w(~-), 

d w ( T )  

d T  

In the above, Din(t) is the creep compliance tensor. At t = O- 
(an arbitrarily small time before t = 0), the composite and 
constituents are assumed to be in a stress-free reference state. 
At t = 0 +, there may be finite loads, thus permitting instanta- 
neous loads at time t = 0. The components of D,,(t) can be 
defined in the exponential form: 

D~( t )  = D~ + L=,2 Db exp l l 0 J  ' (17) 

where the symbol [I denotes time constants associated with 
each exponential term and N is the number of exponential terms 
required to properly characterize the time dependence of the 
material behavior. 

For the present case the matrix is assumed isotropic, and the 
following exponential form of the uniaxial creep compliance is 
used to characterize the viscoelastic response (Fltigge, 1967). 

J,,(t) = j o + ~ j,~,; exp (18) 
L=I 

In the above, superscripts are indices, not exponents. The [[L 

are the time constants associated with each of the N exponential 
terms and the JR are the corresponding creep coefficients. Al- 
though the theory readily admits time-dependent bulk behavior, 
for simplicity the bulk response is assumed purely elastic, i.e., 

Km(t )  = K m. ( 1 9 )  

Then, in Voigt double-index notation (Mehrabadi and Cowen, 
1990) the isotropic creep compliance tensor is defined by 

-O,,,,,l(t) O,,,,,2(t) D,,,,12(t) 0 0 i ] D,,,.t2(t) D,.,H(t) D,,,,~2(t) 0 0 
D,,,o(t) = D,,,.12(t) D,,,,12(t) D,,,,.(t) 0 0 

' 0 0 0 D,,,,4dt) 0 ' 
0 0 0 0 D,,,,44(t) 
0 0 0 0 0 D,,,,44 (t)_1 

where 

(20) 

Dm., , ( t )  = J,n(t) ,  

D,,.,2(t) = ~ - Jm(t)  , 

and 

D, , .4d t )  = 2 [ D m . , ( t )  - Dm.12(t)]. 

The above three equations are readily derivable by analogy to 
the isotropic linear elastic compliance tensor. 

For a composite consisting of the above constituents, the 
following constitutive law applies: 

:o f0 ~(t) = D(t - T ) o ' d T  + oL(t -- T)Od~-. (21) 

To define D(t)  and or(t) in Eq. (21), the components of the 
compliance tensor for a transversely isotropic composite in 
Voigt double-index notation are 

Di2(t) D2z(t) D23(t) 0 0 0 

Dq(t ) = Di t) D23(t) D22(t) 0 0 0 
0 0 D44(t)  0 0 ' 
0 0 0 Dss(t) 0 
0 .0 0 0 Dss(t) 

(22) 

where 

D44(t) = 2(D22(t) - D23(t)). 

In the above, D44(t) is the transverse shear compliance and, as 
implied, the fibers are aligned in the 1-direction. For thermal 
expansion, 

c ~ i ( t ) = [ a l ( t )  a2(t) a2(t) 0 0 0] r. (23) 

The components of Eq. (22) can also be defined in the form 
of Eq. (17) while the components of Eq. (23) are similarly 
defined by 

a , ( t )  = o~ + ~ c~fexp - t . (24) 
K=I 

Given the material constants of the constituents, a finite ele- 
ment micromechanics model can be used to generate the mate- 
rial constants for the composite in Eqs. (17) and (24). For 
demonstration purposes, a hexagonal packing unit cell model 
for a unidirectional fibrous composite described by Garnich and 
Hansen (1996), was employed in the present study to generate 
data for three creep tests that completely define the five indepen- 
dent creep compliance functions for the transversely isotropic 
composite. The creep data were used to define the five indepen- 
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dent functions found in Eq. (22). These resulting data were 
then fitted to a sum of exponentials to yield the constants in 
Eq. (17) using a nonlinear least-squares curve fitting algorithm 
found in Press et al. (1989). Similarly, a constant temperature 
thermal expansion will result in a strain history that defines the 
constants in Eq. (24). The assumed material Constants associ- 
ated with Eqs. (15), ( 1 8 ) - ( 2 0 ) ,  and ( 2 2 ) - ( 2 4 )  are listed in 
Appendix A. 

2.3 Composite Solution Algorithm. Here, an incremen- 
tal procedure for determining the stress and strain history of an 
integration point in a finite element model of a composite struc- 
ture is described. The procedure for an approximate incremental 
solution of Eq. (21) has been described for isotropic materials 
by Krishnaswamy et al. (1990) and is generalized here for 
orthotropic materials. The explicit time-stepping procedure for 
the structural displacement solution is equivalent to the one 
described by Hughes and Taylor (1978). To avoid confusion 
in what follows, all summations over indices are explicit, i.e., 
there is no implied summation over repeated indices. 

Consider an increment in time between steps n and n + 1, 
and define At  = t,,+~ - t,. Then, after interchanging the summa- 
tion and integration, an incremental form of Eq. (21) using the 
notation of Eqs. (22) and (23) is 

acTi : ~ ( f l  ,n'l'l Dij(tn+l-'7-)l~jd'7--fo"-Dij(tn-T)~jdT) 
j= l  

:o .... :o + _ ~ ( t , + l  - r ) 0 d r  - "_ c~i(t, - r ) 0 d r .  (25) 

In the above, an increment in strain is given by a sum of integral 
difference pairs of the form 

fo .... f '  Q(t .  r ) ~ d r ,  (26) A1 = _ Q(t,+l - T )~dT  -- t, _ 

where the functions Q(t )  are defined by Eqs. (17) and (24). 
In Appendix B, an equation is derived for an explicit approxima- 
tion of AI  based on small At  where ~ is assumed constant over 
the interval. Using the form of Eq. (B11 ) in conjunction with 
Eqs. (17) and (24), Eq. (25) becomes 

j~l L=l 

x o.III.-xT 

+ x~ - exp - ~ -  - , 

where, according to equation (B6), the P~(t , )  and ~f( t , )  are 
known from 

r 7 -AT 
P~(t,,) = P~(t,, ,) e x p / - - - ~ - /  

L lrI,j J 

-,( 
+ Db 11~ ~ 1 - exPL lrlu J )  ' (28) 

and 

~ ( t , , )  = ~ : ( t ,_ , )  exp [ ~ ]  

+ a~rI~If- ~ 1 - exp - ~ -  . (29) 

In the above, AT, AD-, and A00 are increments for the previous 
time step. The temperature history is assumed known from an 
uncoupled thermal problem and therefore A0 in Eq. (27) is 
known. Finally, a solution to (27) is realized by making an 
Euler approximation to the strain increment over At.  That is, 
the inelastic part of the total strain increment is assumed inde- 
pendent of Acrj and is denoted as Ae)*. The elastic strain incre- 
ment associated with Aaj  is assumed independent of time and 
occurs instantaneously at the end of the time step when the 
structural solution permits explicit calculation of A@. There- 
fore, to determine Ae~,  it is assumed that A@ = 0 and Eq. 
(27) becomes 

A0 ;f(t,,)) 
K=I 

(30) 

Note, the above implies N is the same for each Do(t) and M is 
the same for each ai (t) .  The strain increment Ae~ is stress 
free and includes thermal strain but is not equal to the total 
strain increment A q .  

In the context of a structural problem formulated with the 
finite element method, Ae ~ is the stress-free increment in strain 
at an integration point. Using well-known finite element proce- 
dures (e.g., Levy and Pifko, 1981) fictitious element nodal 
loads, which are associated with Ae~ and the elastic material 
properties, are determined by numerical integration over the 
element volume. The structure incremental displacements are 
determined as a function of the elastic structure stiffness and 
the "total"  increment in load. That is, if the material elastic 
stiffness matrix is [C], the strain-displacement matrix is [B], 
the vector of incremental external loads is { A F  }, and the vector 
of structure incremental nodal displacements is { A U }, then the 

structure elastic stiffness matrix is [K] = f v [ B ] r [ C ] [ B ] d V  
and 

[KI{AU} = {AF} .  (31) 

The increment in displacements is solved for and is used to 
update the total strain and stress in the composite. Then, using 
Eqs. (12) and (14) the total composite flow strain, cz ( t ) ,  can 

b e  calculated. 

2.4 Constituent Solutions. Consider the time increment 
At  and the stress-free composite strain increment A¢* of Eq. 
(30). Because the change in stress is zero, the associated incre- 
mental form of Eq. (9) for the present binary composite is 

0 = ~rC, . (Ae~'  - A 0 a r )  + ~ , , , C , n ( A t ~  - A O a m ) .  (32 )  

The above is the same form as Eq. (6) and therefore the terms 
in parenthesis satisfy the definition of A~;" and A~,i" and must 
individually be zero because by definition these terms are dis- 
tinct from A¢;" and A~;i'. Therefore, for Act = 0, instead of 
the single Eq. (32), there are two conditions: 

A ~ ' =  AOar, 

and 

A ¢  ten ' -~ A O o l  m . (33 )  

Combining Eqs. (3) and (5),  utilizing the above result, and 
noting that AE[ = 0, the corresponding strain increments in 
the constituents are 
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~ E ~  = z~xOog,. + z2xE~i", Table 1 Computational procedure for multicontinuum solution of linear 
viscoelastic structural problems 

and 

A ~  = A0a,,, + Ae~,i' + A¢£ .  (34)  

Substituting Eq. (34)  into an incremental form of Eq. (8) ,  
noting Eq. (6) ,  and rearranging terms yields 

A~* = A0(4,,a,. + ~b,,o~,,) 

+ g6m(I - CT'C,,,)Ae,~;' + ch,,,A~,/,,, (35)  

where I is the identity tensor. Recall, AE* is the stress-free 
strain increment that is known from the composite solution (see 
Eq. (30)) .  

Now recall Eq. (16) ,  the constitutive law for the viscoelastic 
matrix, and specialize it to the present incremental form for a 
stress-free strain increment in the composite. 

Ae,,* = D,,,(t,,~ I - -  7-)o'~dT 
) 

Y0 - Din(t,, - r)dr;~dr + AOam. (36)  

In the above, the components of D,,,(t) are defined by Eqs. (18)  
through (20) .  The matrix stress rate o',* is, like AE*,  associated 
with the constant composite stress strain increment. Therefore, 
recalling Eqs. (4) ,  (5) ,  and (33) ,  o '* must be defined by 

dE;;' 
dr* = C , , , -  (37)  

dt 
The integral difference pair in Eq. (36)  is of the same form as 
those of the composite and the same solution procedure using 
the equations of Appendix B can be applied to yield 

A~,,* = D, ° ,+  y.  O , t , ; ~  I - e x p  '-G2- 
,.=, k rI,,, _1 

exp ~ + AOo~ .... 

where 

1. Fortheinitial(t = 0)loads {F}. 
determine the initial displacements {U} 
from [KI{Uo} = {F}. Initialize 
integration point "flow" strains for the 
composite, {et} = {0}, and the matrix, 

{0)  

2. Using element displacements, {u}, 
determine total strains for the composite 
from {e} = [BI{u}, total strains for the 
matrix from equation (45), and matrix 
stress from equations (3) and (4). 

3. Determine the stress free change in 
composite strain {Ae'} from equation (30). 

4. Determine {Ae I } from an incremental 
form of equation (13) and update the total 

5. Determine {A~, } from equation (42), 

{Ae~, } from equation (43), and update the 
total {4,} 

6. Determine the increment in structure 
displacements using equation (31) and 
update the total displacements {U}. 

7. If solution is not complete return to step 2. 

and 

~ t ~  = ( 4 , , , ~  + 4,,,,o~,,,) - --q,--- 

exp - ~ t  

Ao-~ = C,,,Ae,~£ ', (39)  

and again noting results of Appendix B, 

y"(t,,)=,"(t,, ,) e x p [ ~ ]  
L FI,,, J 

L /, - ~ ?  
- ~ t - '  (40) 

with initial condition 

TL(0+) = o ' , , (0+) .  (41)  

Again, terms with "ha t s"  are for the previous time step. Equa- 
tions (34) ,  (35) ,  (38) ,  and (39) are solvable for the unknown 
constituent variables Ae,*, Ae,~i', Ae£ ,  and Ao-,*. For example, 

ZMr,~ = H&/z ,  (42) 

where 

H= (CTi_D,I_  f D,li(l_exp _At [ ] ]  _N_~) i 

Using the above result, the increment in flow strain for the 
matrix is easily calculated from 

A~,/,, = ( C , '  - C , , , ' ) A ~ *  

A~* A0 
+ - -  ( ~ , a ,  + 4,,,,a,,,). ( 4 3 )  

4,., 4,., 

The total flow strain in the matrix is updated using 

~f,,(t,+,) = ~£( t , )  + A¢[,,. (44) 

Then, combined with the composite results of the previous sec- 
tion, the total strain in the matrix is determined using Eqs. (3) ,  
(4) ,  (7) ,  (8) ,  (12) ,  and (14) as 

= ~ ( C , , , - C , )  ' { ( C -  ffm C,.)~ 

+ 0(~brC,~r + c£,,Cma,, - C&) + 4~,,,C,,,~[,, - C~/} .  (45)  

From here, all other constituent variables are readily determined 
using Eqs. (3) ,  (4) ,  (8) ,  and (15) .  

The basic steps of the computational procedure used for the 
multicontinuum solution of linear viscoelastic problems are 
shown in Table 1 using the matrix notation associated with Eq. 
(31) .  Note, that steps 2 - 5  describe integration point calcula- 
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• Axial Shear, 12 
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Fig, 1 Composite stress and applied temperature history for the com- 
bined loading. Lines indicate multicontinuum data and symbols indicate 
associated finite element micromechanics model results. 
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4.E-03 ' × × :: :" "" Multicontinuum 

3.E-03 ~ + Axial, 11 
x Transverse, 22 

" ~ o Transverse, 33 cO 2.E-03 
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1.E-03 % a Axial Shear, 13 
~ ] . .  ~ . ~ = _ i a l  Shear, 12 

0.E+00 . . . .  ~ " 

-1 .E-03 1 

0 5 10 15 20 

Time (Min.) 

Fig. 3 Matrix strain results for the combined loading. Lines indicate 
multicontinuum results and symbols indicate finite element micromecha- 
nios model results. 

tions that must be performed for every integration point in the 
structure. The vectors { c I } and {c, I, } must be stored for the 
previous time step at all integration points to perpetuate the 
algorithm and at any other time to permit post calculation of 
constituent results as desired. 

2.5 Numerical Results. The equations developed in the 
previous section were implemented in a standard displacement 
based finite element program. Effectively, equations (42) 
through (45) were embedded in the solution algorithm for the 
composite represented by Eqs. (30) and (31). A standard eight- 
node three-dimensional solid element as described by Cook et 
al. (1989) was employed. A single element model of cubic 
geometry was used in all simulations. Boundary conditions that 
would generate specific histories of uniform stress or strain 
could then be easily specified. For the results presented here, 
small time steps were specified to exclude numerical error due 
to time-step approximations as a complicating issue in the quan- 
titative comparisons. 

In all plots of stress or strain histories, the solid lines represent 
results of the multicontinuum theory, while the discrete symbols 
are volume average values extracted from the finite element 
micromechanics model. A combined load simulation was per- 
formed to verify the theory as well as the numerical implementa- 
tion. A single element model was stress controlled by specifying 
nodal load histories that result in uniform states of stress. The 
applied composite stress history is shown in Fig. 1 along with 
the temperature load history. The associated composite strain 
histories are shown in Fig. 2. Finally, the matrix and reinforce- 

ment strain histories are shown in Fig. 3 and Fig. 4, respectively. 
In all cases there is effectively exact agreement between the 
finite element micromechanics and the multicontinuum results. 

3 Computational Costs 
The multicontinuum theory is intended to be a computation- 

ally effective means of bringing constituent information to the 
analysis of composite structures. As such, it is relevant to exam- 
ine the computational resources required. For comparison, con- 
sider the use of finite element micromechanics models as solu- 
tions coupled to the structural finite element model. The cost 
of the composite structural model is the same in both cases so 
the comparison is restricted to the cost of producing constituent 
information. For the finite element micromechanics model used 
in this study, the simulation of one material point for 50 minutes 
of viscoelastic behavior, required approximately 2500 seconds 
of processing time. In contrast, the single element structural 
model representing eight material (integration) points required 
less than one second devoted to the multicontinuum calcula- 
tions. Therefore, for a single material point, the multicontinuum 
model required roughly four orders of magnitude less pro- 
cessing time. In fact, the cost of multicontinuum calculations 
are but a small percentage of the cost of the composite structural 
solution. The more significant cost of the multicontinuum ap- 
proach is data storage. Because there are three continuum fields 
there can be nearly three times as much data generated for 
postprocessing. However, in general only two of the fields need 
be saved as the third can be readily extracted as a function of the 

2.5E-03 . . ~ 1 = ~ "  ;: × ;" × × 
- -  Multicontinuum 

2.0E-03 + Axial, 11 

x Transverse, 22 
._c 1.5E-03 

o Transverse, 33 

1.0E-03 v Trans. Shear, 23 
• Axial Shear, 13 

5.0E-04 I Shear, 12 

0.0E+00 w 

-5.0E-04 F ~¢'~'~"~"~'~'~'~Pi ~ = ~" i 

0 5 10 15 20 

Time (Min.) 

Fig. 2 Composite strain results for the combined loading. Lines indicate 
multicontinuum results and symbols indicate finite element micromecha- 
nics model results, 

2.0E-03 

1.5E-03 

1.0E-03 

5.0E-04 - 

0.0E+00 

-5.0E-04 t 
0 

+ Axial, 11 
x Transverse, 22 
o Transverse, 33 
v Trans. Shear, 23 
s Axial Shear, 13 

-d--Axial Shear, 12 

r " ~ . - ' " -  . . . . .  

I I I I 

5 10 15 20 

Time (Min.) 

Fig. 4 Reinforcement strain results for the combined loading. Lines indi- 
cate multicontinuum results and symbols indicate finite element micro- 
mechanics model results. 
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other two. Even assuming double the storage, the postprocessing 
data storage requirements are small compared to the require- 
ments associated with maintaining even a modest micromecha- 
nics model at each integration point. 

In summary, the processing cost is considered negligible, 
while the increase in storage costs are the same order as is 
associated with conventional single continuum structural analy- 
sis. Though significant, the additional storage is perhaps the 
minimum that can be expected when bringing micromechanical 
information to bear on a structural problem. 

4 Discussion 
The multicontinuum theory provides a rational framework 

for incorporating a larger number of constitutive and field vari- 
ables in composite structural analysis. It does so by conceptually 
superimposing multiple continuum fields associated with the 
constituent materials. In this way, the known constitutive behav- 
iors of the individual phases are incorporated into the analysis 
without the cost of explicitly modeling microstructural details 
as with the coupled micromechanics approach. And yet, the 
effect of microstructural details are present in the analysis be- 
cause micromechanics is used to establish relations between 
the constituent and composite variables. However, because the 
micromechanics is a preprocessing step in establishing these 
relations, it does not impose any direct computational burden 
on subsequent structural analyses. 

In the multicontinuum, the composite response is decom- 
posed by rigorous relations to the summed responses of the 
constituents. Not only does this approach produce constituent 
information but the composite constitutive law is forced to be 
consistent with those of the constituents through a micromecha- 
nics model that should properly emulate the microstructural 
interaction of the constituents. Because the micromechanics 
model is uncoupled fi'om the structural analysis, it can be of 
high complexity with minimal simplifying assumptions. For 
example, random fiber unit cells can be utilized in materials 
where the effect of reinforcement distribution is important to 
accurate modeling of the constitutive response. 

For the case of linear thermal viscoelasticity, the classic de- 
composition of strains into elastic and inelastic parts was ex- 
tended by decomposing the elastic strains of the constituents 
into parts defined by the microstructural interaction that ex- 
changes load between the constituents with no change in load 
on the composite. These strain decompositions yielded equa- 
tions that relate the constituent constitutive laws with the incre- 
mental composite solution process and thus yield constituent 
stress and strain increments rigorously tied to those of the com- 
posite. 

The results indicate the value of constituent information. Con- 
sider the constituent strain histories in Figs. 3 and 4, and the 
available constituent stress histories not shown. Clearly this 
information is a valuable addition to the composite data shown 
in Figs. 1 and 2 that is normally available from structural analy- 
sis programs. 
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A P P E N D I X  A 

Material Properties for a Linear Viscoelastic Compos- 
ite 

The relative magnitudes of the constants and degree of anisot- 
ropy of the fibers was intended to be representative of a graphite 
epoxy system with 60 percent fiber by volume. 

The elastic material constants for the fibers are listed in Table 
AI. Here, u,.:2 and Z/r,13 are the so-called "major Poisson's 
ratio" and are the negative ratio of strain in the transverse 
direction to strain in the axial direction due to load in the axial 
direction. Material constants defining the matrix material behav- 
ior associated with Eqs. (18) and (19) are listed in Table A2. 

Table A1 Linear elastic reinforcement (fiber) material constants 

Young's Moduli Poisson's Ratios Shear Moduli Expansion Coef. 

(GPa) (GPa) ( 10-6/" C ) 

Er, H = 220.60 

Er,z2 = 13.354 

Er,]3 = 13.354 

v,.,_, 3 = 0.28 

v : :  3 = 0.20 

vr.L2 = 0.20 

G,,23 = 5.516 

G.,~ 3 = 26.00 

Gr,12 = 26.00 

c~:, H = -0.36 

ct:,22 = 18.00 

ocrm = 18,00 

Table A2 Linear viscoelastic matrix material constants 

j o  J~ n ~  Km etm 

(GPa) l (GPa)" (Sec.) (MPa) (10-~/°C) 

0.32472 -&0830 107.0 4309.4 40.0 
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The components of Eq. (17) associated with the matrix mate- 
rial (Eq. (20)) are 

i32i 7 -1237 -'237 ° ° E1 -.1237 .3247 -.1237 0 0 
o -. 37 -.1237 .3247 0 0 (GPa)_l, 

D"'° = 0 0 ,8968 0 
0 0 0 .8968 
0 0 0 0 .8968J 

D],,, 0 = 

--.0830 .o415 .o415 o o o | ] .0415 .0830 .0415 0 0 0 
.0415 .0415 -.0830 0 0 0 (GPa)_~, 

0 0 0 -.2490 0 0 
0 0 0 0 -.2490 0 
0 0 0 0 0 -.2490 

and 

[7i3 783 783 ° ° i l  1.783 1.783 1.783 0 0 
i-i~,,,u = 1. 3 1.783 1.783 0 0 (Min.). 

0 0 1.783 0 
0 0 0 1.783 
0 0 0 0 1.7831 

The matrix material definition is completed by specifying the 
constant thermal expansion coefficient vector. 

am,i = [40.0 40.0 40.0 0 0 0 ] T x  10-6(°C) - | .  

The following arrays define the constants for the composite 
as in Eqs. (17) and (22). 

,~ 0 ~[-1'380 1.399 1.399 0 0 i ] 11.399 1.785 1.797 0 0 
i-ib= i1.399 1.797 1 . 7 8 5 0  0 (Min.) 

0 0 1.794 0 
0 0 0 1.823 
0 0 0 0 1.823..1 

,~ ~F1279 1.293 1.293 0 0 i ] 
11.293 1.478 1.571 0 0 

illb= i1.~93 1.571 1 . 4 7 8 0  0 (Min.) 
0 0 1.520 0 
0 0 0 1,713 
0 0 0 0 1.713..1 

The following vectors associated with Eqs. (23) and (24) 
define the composite thermal expansion behavior. 

I-I = 

1.408 
1.420 
1.420 

0 
0 
0 

['1.309"] 
/1.325/ 

(Man.), [ I ~ =  /1 '~25/  (Min.) 

I I 

.5919E - i ]  

.3196E - 

.3196E - 
0 
0 
0 

(oc) -1, 

[-.7630E - 7 "] 

.4846E - 7 7 
- .3303E - 6 / 

- .330iE  - 6 / 
0 J 

(oc)- ,  

A P P E N D I X  B 

Recursive Relation for Hereditary Integral Evaluation 

Consider an integral of the form 

= fo'  exp[  ~ 1 d r  
p L ( t , )  QL ' - (  7-) d~(~-) dT-, (B1) 

where the superscripts are indices and not exponents. Now con- 
sider a small step 

At = t,+t - t,, (B2) 

and write 

Db= 

.749E - 5 
- .201E - 5 
- .201E - 5 

0 
0 
0 

- .140E - 7 
.781E - 7 

.781 i - 7 

0 

"- .929E - 8 
.489E - 7 
.489E - 7 

0 
0 
0 

- . 2 0 1 E -  5 - . 2 0 1 E -  5 0 0 
.135E - 3 - .600E - 4 0 0 

- .600E - 4 .135E - 3 0 0 
0 0 .390E - 3 0 
0 0 0 .259E - 3 
0 0 0 0 

.781E - 7 .781E - 7 0 0 
- .107E - 4 .921E - 5 0 0 
.921E - 5 - .107E - 4 0 0 

0 0 - .397E - 4 0 
0 0 0 - .396E - 4 
0 0 0 0 

.489E - 7 .489E - 7 0 0 
- .560E - 5 .548E - 5 0 0 
.548E - 5 - .560E - 5 0 0 

0 0 - .222E - 4 0 
0 0 0 - .224E - 4 
0 0 0 0 

o] 
0 

0 (MPa)-l  
0 
0 

.259E - 3 

0 ] 
0 

0 (MPa) 1 
0 
0 

- .396E - 4 

° 1 
0 

0 (MPa)-I 
0 
0 

- .224E - 4 
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fo .... [ - ( t .  r)] d{(r) dr. ( B 3 ) d r  eL(g,,+,) = QL exp ~ -  

Use equation (B2) to rewrite (B3) as 

PL(t,,+,) = QL exp [ ~ ]  

fo .... [ - ( h i - r ) ]  d~(r) dr' (B4) × exp T dr 

and break up the integral to give 

+ Q L f " " e x p [ - ( ~  "7-r) d{( 'r)dr) 7- (B5) 

Now assume At is small so that d~(t)ldt is well approximated 
as a constant over the interval and given by zX{/zXt. The re- 
maining integral can then be evaluated and after some simplifi- 
cation the following recursive relation is determined. 

eL(t.+,) = PL(t.) exp [ ~ ]  

+ QL[.iL lX~ 

At time t = 0-  in Eq. (BI ) ,  it is assumed that PL(O-) = O. 

For finite ~ at t = 0 + (i.e., infinite d~/dt at t = 0), Eq. (B1) 
can be written as 

e°+ [ - - ( 0  + - r ) ]  d({(O+)H(r)ldr (B7) 
PL(0+) = Q L J 0 - e x p [  H L dr ' 

where H(t) is the Heaviside unit step function. Noting that the 
derivative of H(t) is 6(t), the Dirac Delta function, Eq. (B7) 
simplifies to the initial condition: 

PL(0+) = QL~(0+). (B8) 

Now consider beginning with the integral difference pair 

fot [ .... dE(r) 
ZXl = Q(t,,+, - r) -77--  dr 

- Q ( t , ,  - " c )  

where 

dE(r) dr, (B9) 
dr 

- ( t -  T) ]  (BI0)  Q(t - r )  = QO + y~ QL exp ~i- 7 . 
L 

Substituting Eq. (B10) into (B9) and following steps analogous 
to the derivation represented by Eqs. (BI )  through (B6) gives 
the following approximation of AI: 

Note that PL(t,,) is known via Eq. (B6) for the previous step, 
so if A~ is known, then AI  can be evaluated explicitly. 
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